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Theoretical Investigation of Sailwing Airfoils
Taking Account of Elasticities

H. Murai* and S. Maruyamaf
Tohoku University, Sendai, Japan

In order to estimate sailwing performances theoretically, numerical analysis methods of the single and double
membrane sailwings are presented, taking into consideration the elongation of the membrane and the elasticity
of trailing-edge wire. Through the computational examples of the double membrane sailwings with various
shape leading edges, it is shown that the decrease in the discontinuities of curvature at the points where the
membranes separate from the leading-edge spar is effective for obtaining superior aerodynamic characteristics.
The single membrane sailwing analysis demonstrates that the lift characteristics change by changing the trailing-
edge parameters such as initial tension and elasticity of the trailing-edge wire. This is especially true for the
latter, which mainly contributes to the nonlinear characteristics of the lift vs incidence relation. It is also shown
that the lift vs incidence relations of double and single membrane sailwings are in good accordance if a leading-
edge spar shape of a double membrane sailwing is symmetric on the upper and lower surfaces.
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= nondimensional tension = 77 Vip U2^ c
= initial tension coefficient, Eq. (7)
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edge wire
= nondimensional spring constant of the mem-
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= equivalent trailing-edge spring constant
= length of membrane between the leading edge

(0,0) and the trailing edge (one side)
= static pressure on wing surface, in freestream
= internal pressure of sailwing
= nondimensional length of the spring at

unloaded position
= chordwise tension per unit span
= initial tension of the trailing-edge wire
= freestream velocity
= Cartesian coordinates
= angle of attack
= pressure difference coefficient

= (P-Pi)/(l/2pU2
00) (tan

= nondimensional excess length of membrane

= nondimensional excess length of membrane
when unloaded

= nondimensional coordinates = x/c, y/c,
respectively

= density
= velocity potential

= leading-edge spar coordinate
= membrane coordinate
= separation point of leading-edge spar and

membrane
= trailing edge
= upper surface, lower surface
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I. Introduction

THERE have been numerous experimental investigations
performed on sailwings and their applications to the

windmill generator because of their low cost and light
structures. And at present, the aerodynamic performance of a
sailwing with the so-called D-shape leading edge has become
comparable to a rigid wing1 by experimental trial and error
processes.

In a previous report2 a theoretical method for predicting
the aerodynamic characteristics of a sailwing was presented.
The difference between these characteristics and those of a
rigid wing due to the deformation of sailwing surface was
demonstrated numerically. In this report2 it was assumed that
the position of the trailing edge and the slacknesses of the
wing surfaces were fixed. As is shown in Fig. 1, a sailwing
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Fig. 1 Schematic figure of a sailwing structure.

Fig. 2 Two-dimensional model of a sailwing taking into con-
sideration the elasticity of the trailing-edge wire and membrane.



386 H. MURAI AND S. MARUYAMA J. AIRCRAFT

consists of a rigid leading-edge spar, a trailing-edge wire
stretched between the tip and root ribs, and flexible wing
surfaces which are wrapped around the leading-edge spar and
the trailing-edge wire, forming the upper and lower surfaces.
However, the trailing-edge moves and the wing surfaces
elongate owing to the elasticities of trailing-edge wire and the
wing surfaces when the sailwing is loaded.

In order to simulate the three-dimensional characteristics of
the sailwing shown in Fig. 1, a simple, two-dimensional model
of a sailwing airfoil at each streamwise cross section, as
shown in Fig. 2, is adopted for the first stage of analysis. The
present report will present a theoretical method of numerical
analysis of the two-dimensional double and single membrane
sailwing airfoils, taking into consideration the deflection of
the trailing-edge wire and the elongation of the membrane due
to the aerodynamic force. It is also going to show the effect of
the initial tension on the sailwing membrane, and the
elasticities of the trailing-edge wire and the membrane on the
sailwing aerodynamic characteristics.

II. Basic Equations
When the sailwing is subjected to an aerodynamic load, the

trailing-edge wire deflects and the upper and the lower sur-
faces are elongated owing to the increase of the tension on the
membranes. This causes a deflection of the membrane and a
decrease in the effective incidence because the trailing edge
deflects in the direction of the membrane, as is shown in Fig.
2.

The coordinates of each surface are represented as follows:

(1)

The relationship between the tension of the membrane and the
difference between internal and external pressure is expressed
as follows, considering that the membrane slope (drjm/d%) is
small in practical sail wings:

(2)

where CT is the nondimensionalized chordwise tension and
ACp is the nondimensionalized pressure difference in the
direction perpendicular to the chord, and (-) and ( + ) in-
dicate the upper and lower surfaces, respectively.

The boundary conditions of Eq. (2) are as follows: 1) the
membrane separates smoothly from the leading-edge spar at
the point £5, and 2) ends at the trailing edge £ = £r

at $ =

at { =

(3)

(4)

(5)

The membrane lengths on the upper and lower surfaces are
represented respectively as follows:

Equations (1-6) are satisfied independently for both the upper
and lower surfaces.

In a practical sailwing, the deflection of the trailing edge
changes at each streamwise cross section. For simplicity, the
trailing-edge wire elasticity is approximated by the spring
connected at the trailing edge and the point where the straight
line between the root and tip ribs crosses the plane of stream-

wise cross section (0, 1 + tl,). The spring has a non-
dimensionalized spring constant Kt and is subjected to initial
tension CT() when there is no aerodynamic force on the
surfaces. The geometry of the trailing-edge wire and CT() have
the following relationship:

cFc(z)
dz2 (7)

The trailing edge is at (1, 0), and the slackness of the mem-
brane on each side is e0 when there is no aerodynamic force.

The trailing-edge coordinates are defined where the ten-
sions of the upper and lower surfaces and that of the spring
are in balance. It is assumed that the slopes of the spring and
that of membranes at the trailing edge are the same.

X,
(8)

(9)

It is also assumed that the membrane is subjected to half of
the initial tension when there is no aerodynamic force on the
airfoil.

The slackness of the membrane on each side is defined as

(CT-CTn/2)'
(10)

where Em is the spring constant of each membrane and is

The resulting boundary value problem is to solve Eqs. (11),
(12), and (13) under the boundary conditions represented by
Eqs. (1-10).

(11)

(12)</>(±oo,

III. Numerical Analysis
In order to solve the above boundary value problem,

calculations of the effect of the pressure distribution on the
sailwing surface deformation and the potential flow analysis
around the deformed airfoil are carried out separately. The
final solution is obtained in iterative fashion. A panel method
is used for the calculation of the pressure distribution. In
particular, a modification of the combination of Oellers'
method3 and that of Hess and Smith,4 presented in a previous
report,2 is used. The calculation of the airfoil shape also
involved an iteration process separating the calculations of the
membrane shape and tension, and the calculations of the
coordinates of the trailing edge and the membrane
elongations. For the above iteration process, the so-called,
shooting method was used, which is described in the following
section in order to obtain a fast convergence in the
calculations.

IV. Calculation of Airfoil Deformation
When ACp, e, and the coordinates of the trailing edge are

given, the coordinates of the membrane are obtained from
Eq. (2) and the boundary conditions are expressed by Eqs.
(3-5) as

(14)
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Equation (6) is reduced in the case where the slope of the
membrane is small:

(16)

The solution of Eq. (16) is obtained in the following way.
Calculate the left-hand side of Eq. (16) at a selected point on
the leading-edge spar, and search for £5 satisfying the right-
hand side of the equation. The coordinates of 17 L and di7L/d£
corresponding to £5 are obtained using Lagrange's in-
terpolation. When the CT and the coordinates of the mem-
brane are obtained from the above calculation, the new ap-
proximation for the e and trailing-edge coordinates are
estimated from Eqs. (8-10). Hence the final airfoil coor-
dinates are obtained in iterative fashion from Eqs. (14-16) and
Eqs. (8-10), when the ACp is given from the potential flow
calculation.

In order to obtain a fast convergence in the iteration
process, the so-called shooting method is adopted. This
method evaluates the approximation for e and the coordinates
of the trailing edge. When £,, eu, and e, change to £,+(!£,,
e w +de u , and e/H-de,, respectively, the tension on the mem-
brane can be expressed as follows, provided the change in %s is
negligible:

- dew (17)

(18)

The membrane tension CT is calculated from Eq. (2) and
boundary conditions Eqs. (3) and (5). If £5 and the integrated
values are not changed by CT, then the partial derivatives,
dCT/d£t and dCT/de in Eqs. (17) and (18) are evaluated as

——a = 0 . C L=0.0 C M = 0 « 0
CT=0,9 £ = .07

Fig. 3 Double membrane
sailwing with round leading
edge.

C L - l o 5 4 CM = O o 6 2
Orj l .30 CifO.72 £su=.042 £s l=.102

PRESSURE D I S T R I B U T I O N
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follows:

dCT

(19)

dCT

(20)

By substituting Eqs. (17) and (18) into Eqs. (8) and (10), three
simultaneous equations are obtained as follows:

eu ' Be,

dCTu dCTu _E Q

dC-r - 8CTi „

deu

de,

(l-tt)Kt-CTu-CTl+CTo

(21)

Upon solving these equations, the new approximations
£;=£, + d£,, e* = eM+de u , and ef=e, + de, are given. When
the elongation of the membrane is neglected, the new ap-
proximation for the £ coordinate of the trailing edge, £*, is
reduced to the following form by using the same process
described above:

(22)

V. Calculation Results
on Double Membrane Sailwings

The pressure distributions and profile forms for double
membrane sailwings are shown in Figs. 3-5. These figures
include values for the parameters, K(, Km, CT(), tiy and a, as
well as associated calculated values CL, CM, CT, etc. Vaminar
separation points predicted by the numerical method of
Cebeci and Bradshaw,5 and transition points predicted by
Cebeci and Smith6 at Reynolds number 2 x 106 are also shown
in these figures. In these calculations, the first approximation
for the pressure distribution is obtained by prescribing convex
upper and lower surfaces and putting Cpi at zero.

The airfoil shapes with the round leading edge in Fig. 3
show that the camber becomes larger with increasing a.
Consequently a larger CL is obtained compared to a rigid
airfoil at the same a. The pressure distributions in the figure
have sharp peaks of minimum pressure coefficient near £5 and
are apt to cause laminar boundary-layer separation on the
leading edge spar. Similar pressure peaks were shown in a
previous report.2 Because the sailwing has the propensity to
change airfoil shape, the pressure distribution on the lower
surface is likely to cause laminar separation more easily than
that on the upper surface at the small positive value of a. This
Cp characteristic is considered to be one of the main reasons
that the round leading-edge sailwing exhibits a rather poor
performance at small incidence.7
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Fig. 4 Double membrane
sailwing with symmetric D-
shape leading edge reducing
the discontinuities of cur-
vature at £5.
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Fig. 5 Double membrane
sailwing with uasymmetric
D-shape leading edge.

.O t j - O . J

One of the primary causes of the pressure peaks on the
leading-edge spar is the strong discontinuity of curvature at
the points where the membranes separate from the leading-
edge spar. In order to reduce the discontinuities of curvature,
the D-spar leading edge, which is symmetric with respect to
the £ axis, is used in Fig. 4. Within a 1% chord from the
leading edge, the upper surface of the leading-edge spar has
the same profile form as NACA 64(2)415 and connects to the
rear part so smoothly that the curvature does not have strong
discontinuities at £5, taking into consideration the membrane
tensions and ACp. The elongation of the membrane is
neglected in the calculation of Fig. 4. The relationship be-
tween the spring constants Kt and Km and the reduced spring
constant Kt neglecting Km is approximated as follows,
provided e is small and Km is not much smaller thanK t:

(23)

The pressure distributions in Fig. 4 show remarkable im-
provement in regard to the pressure peaks. But as the leading
edge is symmetric, a region of relatively large velocity appears
on the lower surface near the leading edge at a = 4 deg, which
reduces CL compared to a conventional rigid airfoil with a
relatively flat lower surface near a leading edge, and causes
laminar separation when the Reynolds number is not large
enough.

The sailwing in Fig. 5 has the unsymmetric D-shape leading
edge having the same profile form as NACA 6412 within the
7.5% chord and connects to the rear part in the same manner
as in Fig. 4. The large velocity regions on the lower surface
near the leading edge in Fig. 4 are improved in the leading
edge in Fig. 5. Hence this kind of unsymmetric D-shape
leading edge is considered to be suitable for horizontal axis
windmills or ultralight sailplanes, in which the expected range
of incidence is mostly positive. Also the pressure distribution
due to the large camber at a = 8 deg seems to explain the
experimental observation concerning D-shape leading edges
by Sweeney,8 which showed gentle turbulent boundary-layer
separation from the trailing edge at a large incidence.

The airfoil profiles at a. = 1 and 4 deg in Fig. 5 are similar to
that of NACA 4412 and 6412, respectively. NACA 4412
airfoil shows small drag at small lift but large drag at large
lift, and the opposite is shown in NACA 6412.9 This fact
implies that a sailwing has small drag at small lift, and lift-
drag and stall characteristics at large lift similar to a highly
cambered rigid airfoil, provided the sailwing is properly
designed with the aid of the theoretical investigations
discussed above.

Fig. 6 Effect of initial tension
on Cf (a) relations.

CL Double Membrane o
2.0-

Fig. 7 Effect of spring
constant of trailing-edge wire
on CL (a) relations.

Fig. 8 Effect of parameter
on CL (a) relations.

10
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VI. Single Membrane Sail wings
In order to investigate the effect of the elasticity of the

trailing-edge wire, the initial tension, and the parameter tit a
numerical analysis of the single membrane sailwing is
presented in this section.

The pressure difference ACp in Eq. (2) becomes the pressure
difference between the upper and lower surfaces, and the
separation point goes to zero in the case of the single mem-
brane. Then the relations for the single membrane sailwing
can be used in the same manner as those for the double
membrane. The same numerical calculation process shown in
the previous sections is also adopted in the case of the single
membrane,

CT = CTu + CTl (24)

(25)

The relation between Kt, Km, and Kt is as follows, provided
that e is small:

(26)

This relationship is valid even if Km is much smaller than Kt
since there is no difference in e on the upper and lower sur-
faces.

Figures 6-8 show CL (a) relations for various combinations
of the initial tension CT(), the elastic constant Kt, and the
length of the nondimensionalized spring tf. The comparison
between each single membrane sailwing and the double
membrane sailwing with the round leading edge of 15% chord
diameter at the same a and trailing-edge parameters: Kt, CT(),
and tif is also shown in each figure. These comparisons show
that the CL(a) characteristics of the single membrane
sailwing are almost the same as those of the double membrane
sailwing if its leading-edge spar is symmetric with respect to
the £ axis and Cpi is zero. However the pressure distributions
are different, as reported previously.2 Hence the single
membrane analysis is accurate enough for the estimation of
total airfoil characteristics such as CL ( a ) .

Figure 6 shows that the CL(a) characteristics change in
both zero incidence lift and slope of the lift curves due to CT ,
which suggests that the characteristics of sailwings can be
changed widely by changing CT .

Figure 7 shows the effect of the elastic constant of the
trailing edge, Kr The lift slope is larger than that of the rigid
wing shown by the double dotted line in Fig. 7, and is larger at
a small a than at a large a, hence the CL (a) relation becomes
nonlinear. These characteristics were reported by Fink,10

Sweeney,8 and Maughmer1 in their wind-tunnel experiments.
As Kt becomes smaller, the nonlinearity becomes larger
because the change of the camber is larger in the sailwing with
smaller J?,.

It can be seen in Fig. 8, that as tr increases, CL decreases
almost constantly because of the decrease in effective in-
cidence due to the deflection of the trailing-edge wire. Among
the effects of initial tension, spring constant and spring length
on the CL (a) relation, the last parameter is the most effective
in decreasing the effective a, as expressed in Eqs. (8) and (9),
which are related to CT and the slope of the membrane at the
trailing edge. These parameters are related to Cp and CL.
However, there is no explicit relation between the decrease in
a and CL at this stage.

VII. Conclusions
Theoretical methods have been developed for analyzing the

characteristics and the profile form of double and single
membrane sailwings, taking into consideration the elasticities
of the trailing-edge wire and membranes, initial tension, and
the length of the nondimensionalized spring. The main items
demonstrated through the examples of the numerical analysis
are as follows:

1) Comparing the pressure distributions with peaks which
appeared on both surfaces of a double membrane sailwing
with a round leading edge in a previous report,2 it can be seen
that the one on the lower surface can cause a laminar
boundary-layer separation more easily than the other when
incidence is small.

2) The profile form of the leading-edge spar, which
eliminates the discontinuities of curvature at the separation
point of the membrane from the leading-edge spar, weakens
the pressure peaks. A drooped unsymmetric D-shape leading-
edge spar is especially suitable for improving the pressure
distribution on the lower surface, when the practical range of
the incidence is expected to be positive.

3) The relationship of the lift vs the incidence of the single
membrane sailwing is in good accordance with that of a
double membrane sailwing.

4) The lift curve of a sailwing can be changed widely by
changing the initial tension, spring constant, and the length of
the spring, and is especially dominated by the initial tension.

5) The elasticity of the trailing-edge wire mainly affects the
nonlinearity of the lift curve, as had been reported in ex-
perimental observations by a few authors.

6) A larger length of the spring decreases the effective
incidence due to the movement of the trailing-edge wire in the
direction of the membrane.
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